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1 Introduction

The partial dual inverse symmetric monoid on a set X, denoted by PZPx,
is a partial analogue of the dual inverse symmetric monoid ZPx, see [M]
and [FL]. This monoid is a natural generalization of the full inverse symmet-
ric monoid and has a number of interesting properties, which were studied
in [KMal.

The aim of the present paper is to obtain a presentation for the monoid
PLPx with X finite in terms of generators and defining relations. We would
like to mention that during the recent period there appeared a number of
papers where presentations for some important transformation semigroups
and their generalizations (e.g., so called Brauer-type semigroups) have been
found, see [Fer], [F], [E], [KMaz|, [MM]. In view of this, our research looks
like a natural continuation of the previous efforts.

It is interesting that by the moment (so far as to our knowledge) a presen-
tation for the finite dual inverse symmetric monoid ZPx is not found. Some
possible approaches towards finding such a presentation and the arising dif-
ficulties are discussed in [EEF]. In view of this, our result looks somehow
unexpected, as we solve the problem for a bigger and more complicated
monoid. The authors have a hope that the ideas and technique suggested in
the present paper could be utilized, in particular, for finding a presentation
for the monoid ZPx.



The paper is organized as follows. In Section 2 we recall the definition
of the monoid PZPx (and of the monoid ZPx). In Section 3 we define an
abstract monoid S by generators and defining relations and establish some
other relations which are the consequences of the defining ones. Further, in
Section 4 we continue investigating the monoid S and develop some rewriting
technique for the elements of S presented as words over its generators. Using
this technique we manage to show that every element of S can be presented as
a certain ”canonical word”. Finally, in Section 5 we turn back to the monoid
PIPyx, X finite, construct a natural epimorphism from S onto PZPx and
show that this epimorphism is in fact an isomorphism. For this, we prove
that the presentation of an element of PZPx as an image of some canonical
word is unique, and thus the cardinality of S does not exceed the cardinality
of PIPx.

2 Definition of the monoid PZ7P,,

Let X be a set. Consider a set X’ = {2'},cx disjoint with X and a bijection
" X — X’ sending x € X to 2’ € X'. Denote the inverse bijection by the
same symbol, that is (z') =z for all x € X U X".

We shall say that a subset A of X U X’ is a

e line provided that AN X # @ and AN X' # &
e point provided that | A |= 1.

Let ZPx be the set of all decompositions of X U X" into lines, and PZP x
the set of all decompositions of X U X' into lines and points. Obviously,
IPx C PIPx.

In the case when X = {1,...,n} we shall denote ZPx by ZP,, and PZPx
by PZP,.

Let a € PIPx and z,y € X U X'. Set x =, y provided that x and y are
of the same block of a. The map a —=, is a bijection between the elements
of PITPx and the equivalence relations on X U X’ whose classes are either
points or lines. Under this bijection the set ZP x maps onto the set of those
equivalence relations on X U X’ whose classes are lines.

To define a multiplication on the set ZPx we consider any a,b € ITPx
and define a new equivalence relation, =, on X U X’ as follows:

e for z,y € X we have x = y if and only if z =, y or there is a sequence,
Cly...,C5, s > 1, of elements of X, such that z =, ¢}, c1 = ¢,
ro— _ /A .
Cy =q Cs, ..., Cos—1 =p Cas, and ch, =, V;



o for x,y € X we have 2/ = ¢/ if and only if 2/ =, 3 or there is a

sequence, ci,...,Css, S > 1, of elements of X, such that 2/ =, ¢,
[ — / J— / — / — /.
Cl =a Cy, Co =p C3y ...y Coo | =q Chy, and o5 =p Y';

e for x,y € X we have x = ¢/ if and only if ¥/ = x if and only if there
is a sequence, ¢y, ..., c2s_1, S > 1, of elements of X, such that z =, ¢/,
— /] — / / — / — /
C1 =p C2, Cy =¢q Chy .oy Cou o =q Coy 1, a0d Cos_1 = Y.

Since every class of = is a line this definition is correct. We set the
decomposition of X U X’ into =-classes to be the product a - b of a and b
in ZPx. With respect to this multiplication (IPX, ) is a semigroup. It
was called the inverse partition semigroup on the set X in [M] and [M1], the
monoid of block bijections in [EEF], and the dual inverse symmetric monoid
on the set X in [FL] and a number of subsequent papers. In this paper we
stick to the latter term.

Let ¢ X be an arbitrary element. Set Y = X U {z} and denote by
f]/)y the subset of ZPy consisting of those decomposition of Y U Y into
subsets which consist entirely of lines and both = and 2’ belong to the same
line. The set ZPy is closed with respect to the operation - and is therefore
a subsemigroup of ZPy. .

Take a € PZPx and denote by ¢(a) the element of ZPy, consisting of
all lines of a and of one additional block, whose elements are x,x’ and all
points of a. It was noticed in [KMal] (and is easy to see) that the map ¢ is
a bijection from the set PZPx onto the set ﬁ)y. Now we are prepared to
define the (associative) multiplication on PZPx. We set (slightly abusing
the notation)

a-b=¢ " (pla) (b))

The above defined multiplication in the monoid PZPx has a natural
realization as a ”superposition of diagrams”. We interpret the elements of
PLPx as diagrams with vertices on the left hand side indexed by X and
vertices on the right hand side indexed by X’. To multiply two such diagrams
a and 3 one has to place (3 to the right of a such that the corresponding right
vertices of a and left vertices of # are identified, which uniquely determines
the diagram of the product decomposition 3. This is illustrated on Figures 1
and 2.

The semigroup (PIP X, ) is a "partial analogue” of the semigroup ZPx.
In particular, it contains the semigroup (IPX, ) as a subsemigroup. The
structure of the semigroup (79173 X, ) was investigated in [KMal], where it
was called the partial inverse partition semigroup. We would like, developing
the terminology stemming from [FL], to propose a more apt, from our point
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Figure 1: Elements of ZPg and their multiplication.
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Figure 2: Elements of PZPg and their multiplication.

of view, term for the monoid PZPx, the partial dual inverse symmetric
monoid.

3 The abstract monoid S and its relations

Let n > 3. Consider the monoid S with the identity element e generated
by o1,...,00-1; ALy s An1; Pls-- -5 Pr_1; €1, - - -, €, subject to the following



relations:

—_

ol=e1<i<n-—1,

00 = 004, ’Z —j| > 1,

w N

UinUz‘ = O'jO'Z'O'j, |Z —j| = ]_,
AiNj = NjAis pip; = pipis pidi = Ajpis i — j > 1,
AiPit1 = Oip1PiNiCiv2 = OiPit10iNi;, Nig1Pi = €ip2PiNi0ip1 = PiTiNif104,
PiNit1 = Pi€it2, Pir1Ni = CiyaNi,
Aipidi = Niy piNipi = pi,
Ui)\jgi = Uj/\igja O'iij'i = Ujpiaja |Z —j| = 1,

N

o ~J O

Aio; = Nj,oip; = pi, L <i <m— 1,

=~~~ o~~~ —~ —~ —~
ot

@)

oiNj = Njoi, 0ip; = pioi, | —i] > 1,
)\i/\i—i-l = >\i)\i+10i = Uz‘+1)\z‘>\i+1, Pi+1Pi = OiPi+1Pi = Pi+1Pi0i+1,
Tit1Ait1Ai = N1t Ai = Ni€iyo, PiPit10it1 = PiPit1 = Cit2Pi

e = Ni—1pi—1,1 > 2, e = 01€207,

—_ =
N =

—_
W

2 2 2
€] = €;,€iCip1 = €iy16; = \] = p; = PiOiAi,

—_
(@

€0 = 0;€,] # 1,0 —1,€0, = 0,€;11,0i¢; = €410,

—_
=2

€i)\j = >\j€i,j F 1,0 — 1 e = Ais e\ = Nieip1 = N\ie; = €€y,

eipj = Pj€i, J 7# 1,1 — 1, pieip1 = pi, Pi€i = €i11pi = €iP; = €i€iy1.

o~ o~~~ o~ o~
—_
O O N N N e N N N N N~

—
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Remark 1. It follows from (13) that S is generated by A;-s, p;i-s and
0;-s only since the defining relations can be readily rewritten without e;-s.
However, it is convenient for us to include e;-s to the generating set and
to the relations, because the products of e;-s will appear afterwards in the
canonical words we will introduce.

Remark 2. We would like to emphasize that the proposed set of relations
does not pretend to being irreducible. For example, the relations e? = e;
from (14) follow from the relations (7). However, we keep these and some
other redundant relations with the purpose of making the subsequent text
more transparent and readable.

In view of the relations (1), (2), (3) the submonoid of S, generated by all
0;-8, is isomorphic to the full symmetric group §,. From now on, identify
this submonoid with §,,.

Let 1 € S, and o € S. Set o™ = 7 'ar. Obviously, the map ¢, : a — o™
is an automorphism of S, and 7© — ™ is an action of S, on S. Call this
action the action by inner automorphisms.



Let 1 <i<j<n. Set
N B2 if j=1+1;
W 0i0i+1...05-205-105-2...04, 1fj>’L+1
For1 <j<i<mnweseto;; =o;; Notice that Jij = e for all acceptable
1,].

Lemma 1. Let 1 < i < n — 1. Consider the action of S, on S by inner
automorphisms.

1. If2 <i < n-—2, then the elements o1, ...,0,_2,0i42,...,0, and 0;_1 42
stabilize both \; and p;.

2. The elements o3, ..., o, stabilize both A\ and p,, the elements oy, ...,
On_o Stabilize both X\, and p,

3. The elements 01, ...,0,_2,0i11,...,0, and 0;_1 ;41 stabilize e;, 2 < 1 <
n—1.
4. The elements o9, ..., 0,_1 stabilize ey, the elements o1, ..., Op_o

stabilize e,,.

Proof. To prove the first claim, in view of (10), we have only to show that
0i—1,i+2 stabilizes \; and p;, 2 < i < n — 2. Applying subsequently (8), (1),
(10), (1), (8), (1), we obtain

Ui—l,i+2>\i0i—1,i+2 = 0-10i0i410i0;_1\i0;—10;0i410;0_1 =
Ui—10i0i+1)\i—10i+lgiai—1 = 0;_10i\i—10i0i—1 = \;,

as required. For p; arguments are similar.
To prove the third claim we let 2 < 7 < n — 1 and show that o;_1 ;41
stabilizes e;. Indeed, using (15) we compute
0;-10;0;-1€;0,-10;0;—1 = 0,-10;€;,-10,0;—1 = 0;-1€;-10;0,0;,—1 =
0;-1€;-10i-1 = €;,
as required.

The remaining two claims are proved similarly, and we leave the details
to the reader. O

To proceed, we need to introduce some more notation. Let 1 < p,q <n
and p # ¢. For any 7 € S,, such that 7(1) = p and 7(2) = ¢ set

Mg =T NT, ppg =T o1 (18)
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In view of Lemma 1 this definition is correct, i.e. independent on the choice
of m € S, such that 7(1) = p and 7(2) = ¢. Moreover, it can be easily
verified that

)\i,z‘+1 =\, Pii+1 = Pi
for all 1 <i <n —1. Indeed, for ¢ = 1 this is trivial. Let ¢ > 2. Then we
apply (8) and (1) (¢ — 1) times and obtain

(0'2'710'0 te (0203)(0102))\1(0201)(0302) T (O'iaifl) =\

Besides, the element (001)(0309) - (0;0;-1) maps 1 to i and 2 to i + 1
respectively.

Lemma 2. Let m € S, be such that w(p) = s and w(q) =t. Then 7=\, ,m =
Asi and T py T = pey.

Proof. We prove only the first equality, the second one being proved similarly.
Firstly, we note that every element o € S,, such that a(s) = s and a(t) =t
stabilizes A ;. This follows from the definition of A, ; and Lemma 1. Further,
consider v and § from S, such that v(1) = s, v(2) = ¢, 6(1) = p, §(2) = ¢.
Then

SNy 0 =N = A,

which yields the required statement. O]
Lemma 3. Let 7 € S,, be such that w(p) = s. Then 7 te,m = e;.

Proof. Let o € S, be such that «(1) = p. Then a'e;a = ¢, by (13), (15)
and Lemma 1. Then we apply the arguments similar to those from the proof
of the previous lemma. Il

In the following proposition we collect the relations satisfied by the prod-
ucts of elements A, 4, ppq, Tpq bY €.

Proposition 1. The following relations hold for all admissible and pairwise
distinct p,q, k:

2 __ _

€p = €p; EpCq = €4¢Cp; (19)
€k0p,qg = Op,qCk, €pOp,q = Op,qCq; (20)

€kApg = ApgChs €qApg = Apgy EpApg = Apg€q = Apq€p = €peyq (21)

€kPp.a = Pp.a€ks Pp,a€q = Pp.gr Pp,aCp = €qPp,g = EpPp,g = €p€q



Proof. Consider the map ' : S — S defined by o} = o;, \; = p;, pi = A\i,
e, = e;. In view of the defining relations this map uniquely extends to an
involution on S which we will also denote by ’.

The relations (19) follow from (14) and Lemma 3.

The relations (20) follow from (15) and Lemma 3.

The relations (21) follow from (16), applying Lemma 3.

Finally, (22) follows from (21), using ’. O

Proposition 2. For all pairwise distinct p,q, k, [,

[\]
w

/\123,q = p127,q = ApgAap = PpaPap = €pCqs
AkdApg = ApgAkls PriPpg = PpaPkls AklPpq = PpaMkls
Ak g Akl = AeiA kg = Mg Mgl PriPhg = PhigPhi = PlaPkis
Mg Apk = € Ap ks Pp kPl = €1Pp k>
AkiApl = €xApls PplPri = CkPpl,
APk = €10k 1, MkiPki = €1, PNk = €kEls
AkiPlg = PlgMel = PhqMe,q€l0ql, Pkidpk = Ap k€l
AkiPpk = PpkAp k€O ApkPki = OkiCIPp kA Pp Akl = €1Pp ks
Ak1Ppl = Op1CpPk i kIO p

Pk,l>\k,l = Pz,k)\l,k.

A~ Y~ A/~ ~~ —~ —~ —~ —~ —~
W W NN NN DN
— O © 00 ~J O Ot i~

—_— O Y Y N T N

w
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Proof. To prove (23), in view of (14) and applying Lemmas 3, 2 and ’, it is
enough to check that A\ Ao = ejes. Indeed, using (9) and (14), we have

2
)\1)\2’1 = )\10’1)\10’1 = )\1 = €1€3.

The relations (24) follow from (4) and Lemma 2.

To prove (25), in view of Lemma 2 and applying ’, it is enough to prove
that AyA\13 = A3\ = Ao, Indeed, applying (9), (11) and then (11), (9),
(11), (9), (8), (8) we compute

)\1)\1,3 = AM0O1A201 = M A0 = A Ag;

AA2 = 02 A1 A = 09 A1 X902 = 09 A1 X20109 = 03\ 10120102 =

02)\10‘2)\10’20‘2 = 0’1)\20‘1)\1 = )\173)\1.

To prove (26) it is enough to show that AgA; = Ajes, which holds by (12).
To prove (27) it is enough to check that A3 = e 3. Conjugating
both sides with o9 we obtain the equivalent equality goAa\; = e3A;, which

holds by (12).



The first equality of (28) follows from Aspsa = Aapeoas = €302 and Lem-
mas 2 and 3. The second and the third equalities follow from the same
lemmas in view of (14).

In order to prove the first relation of (29) it is again enough to verify the
relation p;3A1 = A1p13 = p13A1,3€202. We compute

)\101,3 = AM01p201 = A1 201 = 02p1A\1€301 = O2p1A1€3 = 021\ 102€202 =

O2010202\102€209 = 01P20101A201€209 = P1,3)\1,3€202

and
/\1p1,3 = A\ 201 = 010201101 = P1,3)\101 = 01,3/\1-

To prove the second relation of (29) it suffices to establish only that
p2A1 = Ajes, which is a direct consequence of (6). Further, applying ' to this
relation we obtain the third relation of (29).

To prove the first relation of (30) we verify only that Aop; = p1Aiesoq,
which is a direct consequence of (5). The second relation of (30) is a conse-
quence of the first one using ’.

Further, let us prove (31). It is enough to establish that A1 ps 2 = g9e3p1A109.
This equality is equivalent to A\;ps = g9e3p1 A1, which, in turn, follows from
(5).

Finally, the relation (32) follows from oy p;0101 101 = p1 A and Lemma 2.
The proof is complete. n

4 Rewriting technique and canonical words
in the monoid S

In this section we are going to develop some rewriting technique in order to
show that any element of the monoid S can be represented by some ”reduced
word”. This will imply that the cardinality of S is not bigger then the
cardinality of the set of all reduced words.

We start from the following observation.

Lemma 4. Fvery element of S can be written as a product of the form
ay...opB, where k> 0, each «; is equal to some \p 4 or ppq and B € S,.

Proof. Let a € S. Since every \; and p; belongs to some orbit of A\; and p;
respectively with respect to the action of S,, by inner automorphisms, S can
be generated by S,,, A\; and p;. Therefore, & can be written in the form

o= T171T27Y2 - - - TEVET k41,



where k > 0, m; € S, for all ¢ and each ~; equals either \; or p;. In view
of (18) we can rewrite the expression for « as follows:

o =mymy (mme)ye(mim) (T ) () T

1 k
. (7T1 e 7Tk7rk+1) - Vpl,ql e ,ypk:‘Ikﬁ’

where p; = (m1...m;) "1 (1), ¢ = (my...m;)"(2) and

7 _ )\pi,qu lf Yi = )\17
Tpiai Ppiais if Vi = p1,

1<i<k,and B=my... Ty O

Lemma 5. Every element of S can be written as a product of the form

al...akﬁl...ﬁﬂrE, (33)

where k,1 > 0, each «; equals some p, 4, each [(3; equals some \,,, m € S,
and ' = e or E is a product of several e,-s.

Proof. Let a € S. It follows from Lemma 4 that we can express a as a
product a; ...agm, where & > 0, each «; is equal to some A, , or p,, and
m € S,. Suppose that a; = A\, , and ;11 = pi, for some 7. If the sets {p, ¢}
and {k,l} are disjoint we have a;a11 = a5 by (24). If the sets {p, q}
and {k, [} are not disjoint we apply the appropriate relation of (28)-(31). As
a result we obtain an expression for @ containing less subwords of the form
)\i,jps,t-

However, after such a rewriting some e;-s and o, -s might appear in the
expression for a. If some e;-s appear, using (20), (21) and (22) we rewrite
our expression such that it has the occurrence of e; at the rightmost position,
while the number of subwords of the form A; jps; remains the same. If some
0s+-S appear, using the action of §,, on S by inner automorphisms, we can,
similarly to as this is done in the proof of Lemma 4, rewrite it such that the
group element occurs to the right to all occurrences of \; j-s and ps-s. As
the mentioned rewriting does not affect the number of the subwords of the
form A; jps+, the statement of the lemma follows by induction on the number
of subwords of the form A; jp,; in the initial expression for . O

We can even strengthen the previous statement.

Lemma 6. Every element of S can be written as a product of the form (33)
such that the conditions of Lemma 5 are satisfied and, moreover, the following
conditions are also satisfied:
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1. If a; = ppq and o = py,; then either {p,q} N {k,l} = & or {p,q} N
{k,1} = {p} = {k}, so that a; = p,4 and a; = p,;. In particular, a;
and o commute.

2. If B; = N\py and B; = Ay then either {p,q} N {k,l} = @ or {p,q} N
{k,1} = {p} = {k}, so that B; = N\, and B; = N\p;. In particular, f3;

and 3; commute.

Proof. We will prove the statement on «;-s only, the second statement being
proved analogously.

Notice that it is enough to prove the statement for the case j = ¢ + 1.
Indeed, if a; commutes with a1 for every ¢ then we can rearrange the factors
of a such that a; follows «; for any 4, j.

Apply induction on the number of factors of the form p, , in the expres-
sion (33). If this number is zero or one, the statement is obvious. Suppose
that oy = ppq and g = pg,, where p,q,l are pairwise distinct, and that
{p,q} N{k,1} # @. Consider six possible cases:

)

) if a; = ppg, ix1 = pgp, We apply (23),

¢) if a; = ppgs Qit1 = ppi, then qiQip1 = ppgPpi = Ppippq by (25),
)

it a; = pp g, @ir1 = p1p, then the product oy, 41 equals the product from
c) by (25),

e) if & = ppq, @ip1 = prg, we apply (27),
£) if a; = pp g, ir1 = pqi, We apply (26).

In the cases a), b), e), f) we obtain an expression for the initial element
containing less entries of factors of the form p,, and apply the inductive
hypothesis. In the cases ¢) and d) we have that a;a;11 = ppppr for some
pairwise distinct p, q, k.

We proceed by considering the product asas and so on. Finally we either
reach the last factor a; with the first claim satisfied for every possible «;
and «;.1, or reduce the number of factors. In the latest case we apply the
induction. [

Let pe {1,...,n}, AC{l,...,n} and p € A. Set Ry 4 = Ppa, " Pp.as
and Ly 4 = A\pa, -+ Apa,, Where A = {ay,...,as}. In view of (25) R, 4 and
L, 4 are well-defined.

11



Corollary 1. Suppose A1 N Ay = &, p1 # pa, ;1 € A1, po & As. Then
Rpl,fh RP2,A2 = RP27A2RP1,A1 and LP17A1 Lpz,Az = LP27A2LP1,A1'

For a subset M = {my,...,ms} C {1,...,n}set Eyy = €y - -+ €, which
is well-defined in view of (19).

Proposition 3. Fvery element of S can be written as a product of the form
Rpl,Al “'Rpk,AkLlh,Bl ...thBlEMO', (34)

where k,1 > 0, p1,...,06,q1,---,q are pairwise distinct and Aq, ..., Ag,
By, ..., By are pairwise disjoint, E = Ey, M C {1,...,n}, 0 € S,. More-
over, the following conditions are satisfied:

(iti) M is disjoint with (U5_, ({p:} U A;)) U (U'_;({a:} U B;)).

Proof. Let aw € S be presented in the form (33), such that the conditions of
Lemma 6 are satisfied. The relations (20) imply that we can move from the
expression (33) to

a=ayaf - BET, (35)

where £’ is the product of some e;-s and 7’ € S,,. It follows from Lemma 6
that we can rearrange the factors in the product «;---ap and obtain the
expression

o ap = Ry A, Ry, AL

for certain pairwise distinct py, ..., ps and pairwise disjoint Ay, ..., As. Simi-
larly, we can rearrange the factors in the product f3; - - - §; such that it equals
Ly B, -+ Lg, B, for certain pairwise distinct ¢y, ...,q and pairwise disjoint
By, ..., B;. It follows that we can achieve the expression of the form (34)
for a.

Suppose p; € Bj, for some 1 < 7 < k and 1 < 57 < [. Rearranging,
if necessary, the factors in a, we obtain an expression for « containing the
factor Ry, a,Lq; ;- Then rearrange the factors constituting L, p; in such a
way that the obtained factorization of a contains the factor R, a,Aq, p,- In
view of (29) pp,adg;p; = Agypi€a- Applying this equality several times we

obtain
RpiaAi)\(ijpi = )‘q]',Pi H €a-

a€A;

Applying (21) to the obtained expression for a we move all e,-s to the
right of all Ly, p,-s. The resulting expression for a will be of the form (34),

12



but without the factor R, 4,, moreover possibly without some Lg; p.-s and
with a new F (containing more e;-s). What we have reached is that the
number of p;-s contained in some Bj-s in the renewed expression for a is
decreased by one. Applying the described rewriting several times we obtain
an expression for a such that the condition (i) is satisfied.

Applying analogous manipulations the expression for o can be rewritten
such that the condition (ii) is also satisfied.

Now we can assume that « is written in the form (34) and the condi-
tions (i) and (4i) are satisfied. Suppose there is @ € M such that a = ¢; or
a € B; for certain i. Rewrite the expression for a0 such that it contains the
factor L, e, and apply (21) several times. We will obtain

L%Biea = Cq, H €p-

beB;

This and inductive arguments on the number of factors of the form L, g,
in (34) show that v can be rewritten such that in the given expression for a
the set M is disjoint with U!_, ({¢;} U B;).

Let us continue the rewriting of the expression for a. Suppose there is
a € M such that a = p; or a € A; for certain i. We can assume that e, is
the first factor of E. In view of the first relation of (21) e, commutes with
every L, p,. Hence we rewrite the expression such that e, is located between
the group of the factors R, 4,-s and the group of the factors L, p,-s of our
expression (34). Moreover, we can assume that this expression contains the
factor R, 4,e,. Similarly to as it was done previously we rearrange this factor

and obtain
easz‘,Ai = €p, H €x-

TEA;

Thus the number of such a € M that a = p; or a € A; for certain ¢
has been decreased by one. The difficulty here is that the current expression
for @ may be not of the form (34). To reach the expression of the required
form we have to move the product e, [, A, €z to the position to the right
of all the Ly, p,-s. It is enough to show that such a movement is possible
for every e, with x € {p;} U A; and apply induction. If z ¢ Ul_,({¢:} U B;)
then e, commutes with each L, ,, and the required movement is performed.
Otherwise, applying (possibly several times) (21) we obtain

eSL‘L%Bi = Cq H €p-

beB;

Since the sets {g;} U B;, 1 < j <, are pairwise disjoint it follows that
every y € {¢;} U B; does not belong to any of the sets {¢;} UB;, 1 < j </,
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j # i. Therefore, e, commutes with all L, p,-s, j # 4, by (21). This
completes the proof. Il

Denote T' = (Ut {p;}) U (U._ {g:}), s = |T'|. Enumerate the elements of
T in some way, suppose T' = {t1,...,ts}.
Define the sets C; and thii, 1 <4 <s, in the following way. Let 1 <1 < s.

e If t; = p; for some j we set C; = A; U {p;} and RZ. = Ry, 4

o If t; ¢ U {p;} weset C; = {t;} and R, =e.

The above defined sets (1, ..., Cy are pairwise disjoint, their union co-
incides with T'U (U¥_, A;). Moreover, t; € C; for every possible i.
Similarly, define the sets D;, L%w 1<i<s:

o If t; = ¢; for some j we set D; = B; U {¢;} and Ltf')l_ = Ly, B,
o Ift; ¢ U {q;} we set D; = {t;} and L}, =e.

The above defined sets Dy, ..., D, are pairwise disjoint, their union
coincides with T"U (U,’f:lBi). Moreover, t; € D; for every possible 7.

Corollary 2. Every element of S can be presented in the form

RP -+ RE LY - Lls Eyo, (36)
where C4,...Cy are pairwise disjoint, D1, ... D, are pairwise disjoint, t; €
CinD;, 1 <i<s, M is disjoint with (Ui_,(C; U D;)) and o € S,.
Proof. Follows from Proposition 3. O

Let B be a subset of {1,...,n}. Denote by Sg the subgroup of S,, gen-
erated by all o;; with i,j € B. Obviously, Sg is isomorphic to §;p.

Call an expression of the form (36) such that the conditions of Corollary 2
are satisfied a canonical word.

Let F=MU (U (C;\ D;)) and G =Sp, -+ ® Sp, ® Sp. The group
G depends on {Ds, ..., Ds}, F, but we do not indicate this into the notation
just not to overload it.

Call two canonical words

t t t t
RY -~ RS LY - LY Eyyor and
4 t ot ts

equivalent provided that there is a permutation 7 € S, such that C; = C;(i),
Di:D/T(i), 1<i<s, My =M,and 0,0, €G.
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Proposition 4. If two canonical words are equivalent then their values in S
are equal.

The proof will be derived from a series of the following lemmas.

Lemma 7. For pairwise distinct i, j,q
Aqir.jTi = Agitgi (37)

Furthermore,
Aqirg,j0q = Aqitg;- (38)

Proof. Applying (25) and (9) we compute
/\q,i>\q,j0i,j = Aq,i)\i,jo-i,j = )\q,iﬂ'_1>\10'1’ﬂ' = /\q’iﬂ'_l)\l’ﬂ' = /\q,i>\i,j = )‘q,i)‘q,ja

where 7 is an element of S,, such that (1) = ¢ and 7(2) = j. The rela-
tion (38) follows by the same argument. O

Lemma 8. Let 1 # j. Then
61'6]'0'2‘,]‘ = 61'6]‘. (39)

Proof. Applying consequently (28), p; jo;; = p;; (which holds by Lemma 2
and (9)), (28) and (21) we compute

€i€j0ij = €iXijPij0ij = AjiPjiliPii = Aji€i€iP5i = €i€5-
]

Lemma 9. Let a = Rgl x ~RtCSSLtD11 e L%SEM. Then « s stabilized by G
from the right, that is aoc = « for every o € G.

Proof. Suppose first that o € Sp,_, 1 < r < s. It is enough to consider only
the case when o = 0, ;, 4,j € D,. Since Fy commutes with Lt[';T we are only
to establish that LY, o;; = LY, . But this equality follows from (37) and (38).
Suppose now that @ € Sp. As in the previous paragraph, we consider
only the case when a = 0; 5, 1, j € F'. To prove the statement it is enough to

show that
ao;; = aee;o; (40)

and apply (39).

If i € M then ae; = a by the definition of Ej; and (14).

Suppose i € C, \ D, for some r, 1 < r < s, and show that ae; = a.
Firstly, Eye; = e;Ey by (14). Further, ngei = eiL%j, 1 < j < s, by the
first relation of (21). Finally, R¢: e¢; = Ry, by the second relation of (22).
This completes the proof. O
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Proof of Proposition 4. Suppose thll e RtCSS L%l e LBS Ey is a canonical word
and z; € C;ND;, 1 <i<s. Inview of Lemma 1 and Corollary 1 it is enough
to show that if we replace t;-s by x;-s, the obtained canonical word has the
same value in S. Fix some index ¢. We can assume that the initial canonical
word has the factor py, ,, Ay, »,- In view of (32) this factor equals p,, ; Az, ;-
It follows that th’ L%i = R Ly, which completes the proof. ]

5 Canonical form for the elements of PZIP,,

We start this section from introducing the notation for certain elements of
the monoid PZP,,. For distinct x and y of X we set

Szy = {{SL’, y/}7 {'T/7 y}a {ta t/}tEX\{m,y}}v

Tay = {{l’, Y, 'T/}v {y/}v {tu t/}tGX\{x,y}}u
lm,y - {{.Z‘, xla y/}v {y}7 {t7 t,}tEX\{x,y}} and
o = {{z} {a"} {t. thex\my |-

Furthermore, we set s; = 8; ;4+1, 73 = 141 and [; = [; ;41 for 1 <7 <n—1.
The elements si,...,s,_1 generate the group of units of PZP, which is
isomorphic to the symmetric group S,, and will be identified with it.

We will use the following statement.

Proposition 5 ([KMal]). Let n > 3. Then PIP, is generated by S,, r1
and ll-

Proposition 6. The map from S to PLP,, sending o; to s;, A\; to l; and p;
tor;, 1 <i<n-—1, extends to an epimorphism p : S — PLIP,.

Proof. Firstly we make sure that ¢; = [;_1r;_1, 2 <1 < n, and €; = $16957.
Then we verify that for the elements s;, I;, r; and ¢; all the relations corre-
sponding to the relations (1)-(17) hold. This and Proposition 5 imply the
needed statement. O

Some examples of the relations satisfied by the generating elements of the
monoid PZP,, are given on Figures 3, 4 and 5.

Corollary 2 and Proposition 6 imply that every element of PZP,, can be
written as -image of some canonical word from S. Now we are going to
show that such a presentation is unique.

Theorem 1. The map ¢ : S — PIP,, from Proposition 6 is an isomorphism.
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k Q——o—o 0] [of|—|-o—e
) 1 v DA
Y% —eo|— o—eo|—

Figure 3: An illustration of the equality Iy l,; = exlp;.

k K;[— ° ° —|-o—o
[ |lo] - = |le] —Q
D | e—e|—|{0] o—eo|—| o]

Figure 4: An illustration of the equality lxli, = lrilip.

k@ —]? :><—+—e— GRS
z o @) = -® ®- -

p —|-o—e —eo|—|-o—0|— — °

Figure 5: An illustration of the equality I, x7%; = Ski€7pklpk-
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Proof. We are to prove that the map ¢ is injective. Applying Proposition 4 it
is enough to show that if p-images of values of two canonical words in PZP,,
are equal then these canonical words are equivalent. For this, we compute
the value of the image of a canonical word in PZP,,. For the word (36) this
is the element

{ (CZ U U(Di))lgigs, {x}xGKu {U(xl)}xesz {l‘, O-(x/)}IGKs}’

where Kl = MU (Ule(Dl \ Cz)); K2 =FF=MU (Ule(Cl \ Dz))a Kg =
X\ ((U_,(C; U Dy)) UM). The statement now follows from the definition
of equivalent canonical words. n
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